We calculate the number of dark matter particles that a neutron star accumulates over its lifetime as it rotates around the center of a galaxy, when the dark matter particle is a self-interacting boson but does not self-annihilate. We take into account dark matter interactions with baryonic matter and the time evolution of the dark matter sphere as it collapses within the neutron star. We show that dark matter self-interactions play an important role in the rapid accumulation of dark matter in the core of the neutron star. We consider the possibility of determining an exclusion region of the parameter space for dark matter mass and dark matter interaction cross sections based on the observation of old neutron stars with strong dark matter self-interactions. We show that for a dark matter density of 10 3 GeV/cm 3 and dark matter mass mχ ∼ < 10 GeV, there is a potential exclusion region for dark matter interactions with nucleons that is three orders of magnitude more stringent than without self-interactions, and for dark matter self-interactions that is many orders of magnitude stronger than the current Bullet Cluster limit.
I. INTRODUCTION
There is overwhelming evidence for the existence of dark matter in the Universe, from the observation of missing mass in galaxy clusters [1] to the precise measurements of the cosmological baryonic fraction performed by WMAP [2] and BOSS [3] . The possibility that the standard gravitation law needs to be modified to explain the observations with the ordinary visible baryonic matter has recently been ruled out by the Bullet Cluster data [4] . The particle physics interpretation of dark matter requires dark matter particles to be weakly interacting and in thermal equilibrium until the Universe expansion becomes such that particles cannot find each other and their interactions freeze-out. Large-scale structure formation indicates that dark matter particles need to be non-relativistic at the time of freeze-out, i.e., dark matter needs to be "cold." Measurements of the matter density and its baryonic component imply that the dark matter density contribution is about 25% [5] [6] [7] .
Since the dark matter density is inversely proportional to the dark matter annihilation cross section at freezeout, the observed density of dark matter in the Universe today constrains the annihilation cross section in the early Universe, specifically at the time of freeze-out. On dimensional grounds, a dark matter particle with mass in the range of 100 GeV to several TeV with weak scale couplings can have annihilation cross sections of the order of σv ann = 3 × 10 −26 cm 3 s −1 at the freeze-out, providing a natural explanation for the observed density of dark matter today [5] . There have been recent discussions of the possibility of asymmetric dark matter, where the dark matter particles are not self-conjugate, see for example, Refs. [8] [9] [10] [11] [12] and references therein. An initial particle-antiparticle asymmetry ultimately leaves non-annihilating DM particles remaining in the current epoch. This is the case we consider in this paper.
As an astronomical object in the Galaxy rotates around the center in its orbit, it will sweep through the Galactic dark matter halo and eventually capture some of the particles on its way. In time, dark matter particles that are captured may have effects on the observational properties of the astronomical object, which may then be used to constrain the nature of the dark matter [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . In that respect, neutron stars provide a natural laboratory to constrain the properties of dark matter [11, [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . Even though the surface area of a typical neutron star is much smaller than more traditional astronomical objects like the Sun, two properties make neutron stars very efficient in capturing Galactic dark matter particles. First, the immense baryonic density inside a neutron star provides a natural location where there it is very likely that dark matter particles will interact and lose energy. Second, because of the strong gravitational force, it is also almost impossible for a dark matter particle to escape from a neutron star once it loses some of its energy through interactions.
It may be only a matter of time for a neutron star to capture enough number of dark matter particles to affect its observational properties. If the dark matter particles are annihilating, one such effect can be seen in the cooling of an old neutron star. The energy outcome of the annihilation process will result in an increase of the temperature that will remain constant and discernible from other cooling processes in time (see, e.g., Ref. [19] ). Calculations of the annihilation effects on the cooling of a neutron star show that the resulting effective temperature of a neutron star would be approximately 3000−10000 K [19] , depending on the local dark matter density, and the mass and the radius of the neutron star. However, the emission of blackbody radiation at these temperature peaks at the UV to optical wavelengths, where the Galactic extinction hampers our observational capabilities to obtain precise measurements of the surface temperatures of neutron stars unless they are very close.
Even if the dark matter is not annihilating, under certain conditions, the capture process may still have observable effects. For some values of the local dark matter density, dark matter mass and its interactions with nucleons and amongst themselves, the number of particles may be enough for the dark matter to be relativistic and accumulate to numbers larger than the Chandrasekhar limit. Once dark matter inside a neutron star that has reached the Chandrasekhar limit and reaches the selfgravitating limit, it may collapse into a black hole, which could destroy the whole neutron star. In such a case, even the very existence of neutron stars at certain ages can be used to constrain the properties of dark matter. This has been studied in case when dark matter has interactions with baryonic matter only [11, 17, 19] .
Neutron star constraints on non-annihilating dark matter have also been recently studied including perturbative self-interactions via a λφ 4 interaction [23] [24] [25] [26] . The introduction of self-interactions modifies the non-interaction bosonic Chandrasekhar limit, but this is model dependent [25, 29, 30] . We focus here on the effect of dark matter with strong self-interactions in the accumulation of dark matter in neutron stars. For spin-0 bosons with a λφ 4 interaction, we are considering coupling constants well beyond the perturbative regime. Our interest here are very small dark matter-nucleon cross sections, yielding slow dark matter thermalization in the neutron star and large self-interaction cross sections which yield a phase of exponentially increasing N χ . This is a regime not covered in the recent literature.
In the absence of a rigorous Chandrasekhar limit for strongly interacting bosons, we use the minimal noninteraction bosonic Chandrasekhar limit, evaluating the parameter space where N χ is large enough to be both self-gravitating and larger than the Chandrasekhar limit for bosons. We discuss the several stages of dark matter accumulation: first the initial capture, then dark matter energy loss by scattering with nucleons and eventually the onset of self-capture, as a function of time. We find that only for large dark matter densities, ρ χ ∼ > 10
3
GeV/cm 3 and m χ less than tens of GeV, is the dark matter number N χ at t = 10 9 year large enough to satisfy both the minimal Chandrasekhar limit for bosons and the requirement that the dark matter be relativistic, even for strong self-interactions. Given the relatively rare occurrence of such high local dark matter densities, and the likelihood that any model with self-interactions will increase the minimal limit, the existence of neutron stars does not unambiguously constrain even very strongly interacting asymmetric boson theories.
We start the paper in Section II by reviewing the conditions necessary for a neutron star to collapse as it captures dark matter particles for both fermionic and bosonic dark matter. We discuss conditions necessary for dark matter particles to be relativistic as they become captured by the neutron star. We discuss the accumulation regimes and characteristic times, and eventual thermalization of the captured dark matter particles. For bosonic dark matter, we review conditions for self-gravitation and discuss the case when bosonic dark matter forms a Bose-Einstein condensate.
In Section III, we outline our calculation for the time evolution of the dark matter particles as they get captured by a neutron star. In particular, new here is an evaluation of the effect of a time dependent geometric limit for dark matter self-capture in a neutron star. In Section III we summarize our inputs and parameters used in the calculation and give a simple example and rough estimate for the range of dark matter cross sections that would result in providing dominant effects on the increase of the number of captured dark matter particles as evolved in time. We discuss our results in section IV, followed by conclusions in section V.
II. CONDITIONS FOR THE COLLAPSE OF NEUTRON STAR

A. Chandrasekhar limit
Our focus is on dark matter collapse to a black hole within a neutron star. As discussed below, thermalization of the dark matter particles is an important feature for fermionic dark matter. Subsequent accumulation to the limit of self-gravity is important if bosons have an impact on neutron star collapse. We begin by reviewing the well-known results for neutron star collapse.
For neutron stars, collapse occurs only when the nucleons are relativistic. The relativistic energy of the neutron star is approximately
where G is Newton's constant and m n is the neutron mass, and N n is the number of neutrons. When the gravitational energy of the neutrons equals the energy due to the relativistic Fermi momentum (E = 0), the number of neutrons is determined, independent of the radius r of the neutron star. Additional neutrons cause collapse into a black hole. The limit on N n when E = 0 is the Chandrasekhar limit for neutron stars,
More generally, for fermions with mass m χ , the Chandrasekhar limit is
where the interactions with neutrons are neglected. An essential feature in this derivation is that the fermions are relativistic. The average energy of a relativistic fermion must satisfy
This translates to a requirement that the number of fermions N f should be larger than N , (5) in order that the fermions are relativistic. The number of neutrons in a neutron star with a typical radius of R = 10.6 km and neutron star mass M = 1.44M ⊙ is such that the neutrons are non-relativistic. For dark matter fermions to cause the neutron star to collapse, the requirement for relativistic energies may not be satisfied unless r ≪ 10.6 km or the dark matter mass is small compared to m n . The typical radius containing most of the dark matter reduces when dark matter is thermalized with neutrons in the neutron star, in which case r ≪ R is the thermalization radius rather than the neutron star radius. We return to this below.
For bosonic dark matter, there is no Fermi pressure. The corresponding Chandrasekhar limit for bosons, again neglecting the gravitational energy associated with neutrons and self-interactions, is [11] 
since the kinetic energy per boson is of order E ∼ c/r, the zero point energy due to the uncertainty principle. This approximate limit is confirmed by a number of approaches to calculating the Chandrasekhar limit [31] . The introduction of self-interactions modifies this limit for bosons, potentially raising the limit to close to the Chandrasekhar limit for fermions [29, 30] , although this is model dependent [25] . More recent discussions with perturbative λφ 4 and relatively quick dark matter thermalization appear in, for example, Refs. [23] [24] [25] [26] . Because we are considering non-perturbative self-interaction cross sections, for this paper, we rely on Eq. (6) for the Chandrasekhar limit for bosons. As we see below, even with this relatively weak constraint on the number of bosons required to form a black hole, large ambient dark matter densities are required for this limit to be reached.
If the dark matter particles are bosons, they are not relativistic unless they get trapped inside the small region of the neutron star. The requirement for relativistic bosons is that E ∼ c/r > mc 2 , so the relativistic condition is m χ 100 GeV r 10.6 km < 2 × 10 −22 .
After bosonic dark matter is thermalized, it is primarily within a small radius, but that radius is not small enough for Eq. (7) to be satisfied. A larger dark matter density is required for the bosons to form a black hole in the core of the neutron star. An additional stage of accumulation for bosons occurs when bosons form a BoseEinstein condensate [11, 17, 20] . Finally, when ρ χ > ρ b , the dark matter is self-gravitating, namely, the baryon density ρ b can be neglected. During this final stage of collapse, the bosonic dark eventually becomes relativistic and may satisfy the Chandrasekhar limit.
B. Dark matter accumulation regimes and characteristic times
Overview
Dark matter accumulation by neutron stars occurs in several stages. The first stage is the capture of the ambient dark matter by the neutron star. Cooling of dark matter through interactions in the neutron star cause the orbital radius of the dark matter to decrease, as dark matter continues to accumulate. Thermalization of dark matter with the neutrons in neutron star, the possibility of formation of a Bose-Einstein condensate, the onset of self-gravity and the potential for the dark matter to coalesce into a black hole are all elements of the evolution of the accumulated dark matter. In this section, we discuss the capture and thermalization of dark matter by neutron stars.
Cooling of the dark matter comes from interactions with neutrons. Energy is transferred to the neutrons, which is then dissipated. To first approximation, we may treat the neutrons as a kind of static background for dark matter accumulation and cooling. Scattering with other dark matter does not promote cooling because there is little dissipation of the dark matter. Energy is transfered between dark matter particles, contributing to dark matter capture, but not to dark matter evaporation from the neutron star. As discussed by Zenter in the Appendix of Ref. [14] , evaporation of dark matter particles due to dark matter-dark matter scattering will not occur unless the escape velocity inside the neutron star is comparable to the dark matter velocity at a large distance from the neutron star. A typical value for the large distance dark matter velocity is on the order of 10 −3 c in our galaxy at our location, small compared to the escape velocity of dark matter in a neutron star.
First phase -accumulation of dark matter by neutron star
The initial accumulation of dark matter by neutron stars occurs with dark matter scattering with nucleons, with energy loss of the dark matter of approximately where E χ = T in and the reduced mass is m r = m n m χ /(m n + m χ ). In the constant neutron star density approximation, the average kinetic energy of the dark matter inside the neutron star approximated by a trajectory through the center of the neutron star is [21] 
where
for a the semimajor axis. This expression follows from the assumption that the density of the neutron star ρ B is constant. Following Ref. [21] , for m χ ≫ m n the time for the orbit to be contained within the neutron star radius (r χ (t 1 ) = R N ) is
where relativistic corrections are neglected and σ crit = m n R 2 /M . Relativistic corrections will not change the time scale by more than a factor of a few. For a neutron star with the parameters of Table I , this leads to a"containment time"
yr , where σ χn,55 = σ χn /10 −55 cm 2 . Other choices of density distribution of neutrons in the NS will not dramatically change t 1 . Note also that the expression for t 1 in eq. (11) applies to all stars, including neutron stars with the characteristic values for M and R in Table I for m χ > m n .
Special to neutron stars is the effect of the Pauli suppression of scattering. For DM with m χ > m n incident on the neutron star, with t < t 1 , the characteristic energy is large enough that Pauli blocking does not apply. The Fermi energy in the zero temperature approximation is
where n B is the number density of neutrons. For the average neutron density used here, the Fermi energy is 97 MeV, which with E F = p 2 F /2m N determines the Fermi momentum p F ≃ 426 MeV. Pauli blocking is represented by the factor
For m r ≃ m n < m χ and the velocities relevant to this phase, ξ = 1. After t 1 , Pauli blocking is important. For m r < m n , Pauli blocking modifies the scattering even for t < t 1 , so that eq. (9) becomes
For this stage of the capture, we can take δp
For m χ = 0.1 GeV, this gives t 1 ∼ 0.54 yr/σ χn,55 .
3. Second phase -energy loss with orbits inside neutron star, neutron scattering dominated
After t ∼ t 1 , the sphere of dark matter (the "dark matter sphere") will have a radius of r χ < R N . In this section we discuss the evolution of r χ with time. Again, scattering of DM by neutrons gives a change in kinetic energy, δE χ , and as a result, the orbital radius decreases. We assume a circular orbit, as in Ref. [21] . The kinetic energy can be expressed in terms of the orbital radius,
with the time rate of change of the kinetic energy,
with δE = 2m r E χ /(m n + m χ ). Eqs. (15) and (16) can be combined to yield
for t > t 1 . The solution is that the radius of the dark matter sphere is
for a constant neutron density in the neutron star. As already noted, the cooling which is responsible for the shrinking radius comes from scattering of dark matter with neutrons. Dark matter scattering with accumulated dark matter will not contribute to cooling, so eq. (18) only depends on σ χn , not σ χχ . Numerically, we find that
The next phase in dark matter accumulation may include a significant time in which χ − χ scattering dominates χ − n scattering. Since only χ − n scattering is relevant to cooling, we can already evaluate the thermalization time. The thermal radius r th = r χ (t th ) is related to the neutron star temperature in the core via
With the solution for r χ (t) in eq. (18) at t = t th , for t th ≫ t 1 , one recovers the usual expression (see, e.g., eq. (19) in Ref. [11] ), For some sets of parameters, the third phase of dark matter capture by the neutron star comes from the effects of dark matter interactions with the dark matter already captured by the neutron star. In the next section, we discuss the form of the neutron capture and self-interactions of dark matter for N χ (t). The neutron capture depends on σ χn N n while the self capture term for dN χ /dt depends on σ χχ N χ . When self-capture dominates, the linear growth of N χ (t) changes to an exponential growth. We label the time at which the dark matter begins to accumulate exponentially by t 2 .
When the target dark matter is effectively at rest, the change in DM kinetic energy from χχ scattering is
The kinetic energy of a dark matter particle within the neutron star at orbital radius r χ is
and δE χ ∼ 0.5E χ for χχ scattering, neglecting the recoil of the DM that resides in the neutron star. Recoil is important when evaporation of dark matter particles is a possibility. As discussed in Ref. [14] , the recoils can be neglected when the dark matter escape speeds are significant compared to the average speed of the (neutron) star and the velocity dispersion in the dark matter halo. The escape speed on the surface of a neutron star is of order 0.6c, and the escape speed increases as the dark matter goes further into the interior of the neutron star. By comparison, the solar speed in the galaxy is on the order of 220 km/s and the DM velocity dispersion is 270 km/s, several orders of magnitude smaller than the dark matter escape speed. Therefore, we can use eq. (18) for the radius of the wimp-sphere as a function of time, even when χχ scattering is important. An exponential increase in the number of dark matter particles as a function of time because of self-interactions make the formation of a black hole from dark matter a possibility, even in the regime of slow thermalization considered here. There is an important mitigating effect, however, coming from the geometric limit. The exponential growth of N χ (t) is cut off when the geometric limit is reached, when
In practice, the thermalization time occurs before t G for some parameter choices, in which case eq. (18) does not apply after t > t th .
C. Conditions for relativistic dark matter particles
With thermalization, for fermionic dark matter, one can use r th in eq. (5) to find that
in order for fermionic dark matter to be relativistic. For T = 10 5 K, the Chandrasekhar limit for fermions, which requires relativistic particles, is applicable only for dark matter masses below 100 GeV when t > t th , since for m χ < 100 GeV, N is non-relativistic. This appears not to have been taken into account in Ref. [22] . Fig. 1 shows the relevant N f for the Chandrasekhar limit, for N rel f (r = r th ) and the number of fermions required for relativistic fermions when r = r N , the radius of the neutron star. Before the thermalization time, the larger of N bosons continues to increase in time, the bosons can further form a Bose-Einstein condensate (BEC) [17] . The particle number density required to form a BEC in a sphere of radius r th in the neutron star is [17, 20] 
Once the BEC forms, the radius in which the dark matter particle can reside, which is the radius of the wave function of the ground state in the gravitational potential of the neutron star becomes even smaller than r th [11, 17, 20] , namely,
Clearly, r BEC < r th , which has significant implications for reaching the Chadrasekhar limit in less time.
If the dark matter particles are bosons, they can only become relativistic and collapse if they become selfgravitating. This happens when the density of the dark matter particles exceeds the baryon density within the same volume. Since the nucleon density does not change in time in the neutron star, as soon as the number of dark matter particles reaches a critical number, the bosons become self-gravitating. This critical number is given by
FIG. 2:
As a function of bosonic dark matter mχ, log10 of the number of bosons for the Chandrasekhar limit (which requires the dark matter to be relativistic) shown with the solid line, the minimum number of bosons required for the bosons to be self-gravitating when r = r th (dot-dashed) and r = rBEC (dotted), and the number of bosons within the radius r = r th for a Bose-Einstein condensate to form (dashed).
For r = r th ,
(32) Clearly, as the radius of the dark matter core decreases, the condition for the dark matter particles to become self-gravitating will be easier to reach, which would eventually cause the dark matter core to collapse and form a black hole. When the Bose-Einstein condensate has formed, (eq. (6)) and for self-gravitation in eq. (32) one can see that the Chandrasekhar limit is already exceeded for thermalized bosonic dark matter when self-gravity is established, as shown in Fig. 2 . Self-gravity results in further in-fall and ultimately relativistic bosons, the final requirement for Eq. (6) to apply.
To summarize, the necessary condition for collapse of neutron star to a black hole is that the dark matter is thermalized within the age of the neutron star, which we take to be 10 9 years. Additionally, in the absence of a specific calculation of the Chandrasekhar limit for bosons with strong self-interactions, we require the number of captured dark matter particles to exceed the following limits: N 
III. EVALUATION OF CAPTURE OF DARK MATTER PARTICLES BY NEUTRON STARS
The time evolution of the dark matter particles captured by a neutron star is given by [14] 
where C c is the capture rate due to dark matter-nucleon interactions, C s N χ is the capture rate due to the dark matter self-interactions and C a N 2 χ governs the number of particles lost due to the their annihilation. We consider the case of asymmetric dark matter, when dark matter particles do not annihilate, so C a = 0. In this case, for time-independent C c and C s , the solution for the Eq. (17) is
We consider times to t max = 10 9 yr. The dark matter self interaction cross section σ χχ enters linearly in C a , as discussed below in Sec. IIIB. As noted above, when N χ σ χχ > πr 2 χ , the geometric cross section for χχ scattering in the neutron star, both eq. (34) and eq. (35) are modified. These modifications are outlined in Sec. IIIB, and we show an example of how the geometric limit on χ interactions with the DM in the neutron star affects the growth of N χ as a function of time.
A. Dark matter-nucleon interactions
The number of dark matter particles that can be captured by a neutron star is given by [19] 
where the general relativistic affects assuming a Schwarzschild geometry have been incorporated. Here ρ χ is the dark matter density at the location of the neutron star, m χ is the mass of the dark matter particles, M and R are the mass and the radius of the neutron star, respectively, andv is the average velocity of dark matter particles in the Galactic halo [15] . For a dark matter particle to be trapped with a single collision, E < m χ ǫ 0 , which defines ǫ 0 . Since ǫ 0 ≫v 2 /2 we take e −3ǫ0/v 2 ≃ 0 [19] . In order for a dark matter particle to stay inside a neutron star it must lose enough energy by interacting with the particles inside the neutron star. The last factor in eq. (36), f , determines the fraction of the dark matter particles that will be trapped inside the neutron star due to interactions with nucleons, which for
where dl is the infinitesimal arc length of a trajectory in the neutron star [13, 19] . Assuming constant density for the neutron star, numerical evaluation of f is terms of the critical cross section, σ crit , which is geometrical cross section of the neutron star divided by the number of nucleon targets, is given by [19] f
This equation is applicable to the case where σ χn < σ crit , however f saturates to unity when σ χn is larger than σ crit [19] . Thus, the quantity f is
Currently, the most stringent experimental limits on the DM-nucleon cross section, σ χn , come from the XENON [32] and CDMS [33] experiments which look for energy deposition via nuclear recoils from dark matter scattering. For dark matter mass between 20 GeV and 100 GeV, the limit is σ χn < 6 × 10 −44 cm 2 , while for larger mass, i.e. m χ = 10 3 GeV, the limit is about an order of magnitude larger and similar for lighter dark matter particle, when m χ ∼ 15 GeV. Recently, CRESST-II has claimed 4.7σ signal corresponding to m χ ∼ 10 − 30 GeV and for 10 −40 cm 2 < σ χn < 3 × 10 −43 cm 2 [34] . This signal does not seem to be consistent with DAMA results claiming annual modulation effect consistent with dark matter particle of mass around 10 GeV with the cross section σ χn ∼ 10 −40 cm 2 [35] . We will incorporate these limits by taking conservative approach and considering only cases when σ χn is below 10 −44 cm 2 , written as σ χn = σ χn,55 10 −55 cm 2 . The parameters that we use are given in Table I . With these parameters, the capture rate, C c , for σ χn < σ crit = 2 × 10 −45 cm 2 , is given by,
B. Dark Matter Self Interactions
Once a certain amount of dark matter particles accumulates in the neutron star, their very existence inside the neutron star will affect the capture of new dark matter particles due to their self-interaction [14] . The selfcapture rate, C s , is given by [14] 
where, σ χχ is the dark matter elastic scattering crosssection and v esc (R) is the escape velocity from the surface of the neutron star. As discussed in Sec. II.B, it is primarily the gravitational effect of the neutron star that keeps the dark matter inside the neutron star, eventually thermalizing, so eq. (41) depends on the neutron star radius R rather than the details of the dark matter distribution within the neutron star. For a 1.4M ⊙ mass neutron star with R = 10.6 km, the escape velocity from the surface is v esc (R) = 1.9 × 10 10 cm/s. We modified eq. (41) following Ref. [19] in order to take into account the general relativistic effects assuming as Schwarzschild geometry. The quantityφ χ which signifies how compact the star, is a dimensionless potential defined as [14] ,
We take φ χ = 1, which is valid in the approximation that the mass density of the neutron star is uniform.
Since the density is larger in the core, which implies that φ χ > 1, our assumption is conservative. Finally,
2 depends on the velocity of the neutron star v N in the Galaxy. We approximate erf(η)/η ≃ 1.
The most stringent limits on self-interaction cross section, σ χχ , come from the Bullet Cluster observations [36] , i.e.
so we scale the self interaction cross section, σ χχ = σ χχ,24 10 −24 cm 2 . With our choice of the parameters given in Table I , C s is given by,
The full evolution of N χ (t) depends on how quickly the dark matter thermalizes, and whether or not the geometric limit is reached, before or after thermalization. We first discuss the circumstance where t G < t th < t max . As discussed above, the geometric limit for DM capture via χχ interactions, when N χ (t G ) < πr
governs the evolution. Between t G < t < t th , the equation governing the time evolution of N χ is
The shrinking dark matter sphere accounts for the second term in eq. (46). Once the thermalization time is reached, a third phase of dark matter accumulation occurs, with
The solutions to these equations give the number of dark mater particles at t = t max of
As an illustration, we show in Fig. 3 the evolution of r χ (t)/R N and N 0 χ (t)σ χχ /πR 2 N for σ χχ,24 = 1 with σ χn,55 = 1 and m χ = 10 GeV. We also use ρ χ = 1 GeV/cm 3 , equivalent to a distance of d = 3.7 kpc from the Galactic Center for a dark matter density parameterized by the Navarro-Frank-White halo profile [37] . The intersection of lines is t G . For σ χχ,24 = 1, t G ≃ 10 5 yr. The resulting time evolution of N χ for σ χχ,24 = 1 is shown in Fig. 4 .
For other parameters, the time ordering of t G , t th and t max can be different. If t th < t G , t max , then the dark matter sphere decreases to the thermal radius while the number of accumulated dark matter particles follows N 0 χ (t), eq. (35). After t th , at some point t when the geometric limit is reached. If t
If t th < t
IV. RESULTS AND DISCUSSION
In Figures 5, 6 and 7, we show the time evolution of the number of dark matter particles captured by a neutron star for m χ = 1 GeV, m χ = 10 GeV and m χ = 100 GeV, and for several values of dark matter interaction cross sections. We have taken the Galactic dark matter density to be 1 GeV cm −3 and other parameters as given in Table I . The self-interaction cross section is taken to be σ χχ = 10 −24 cm 2 and we consider two different values for dark matter nucleon interaction cross section, σ χn = 10 Figs. 5-7 illustrate features of the evolution of N χ (t) for low σ χn and large σ χχ . When self-interactions are important, the accumulated dark matter in neutron stars can be several orders of magnitude larger than without self-interactions. Is N χ (t max ) sufficiently large, with selfinteractions, to potentially form a black hole and disrupt the neutron star? For m χ = 10 GeV, our minimal limit is N BEC b (r = r th ) = 2.7 × 10 36 for T = 10 5 K, a limit larger by almost three orders of magnitude than N χ (t max ) when ρ χ = 1 GeV/cm 3 . This leads us to consider regions where ρ χ is on the order of 10 3 GeV/cm 3 , since to a good approximation, N χ (t) scales linearly with ρ χ .
Assuming that the dark matter density in the Galaxy follows the NFW distribution, it can be seen that regions where the DM density can reach to ρ χ ∼ 10 3 GeV/cm 3 are very limited. However, globular clusters may provide the regions with excessive DM density. It has been shown by Bertone and Fairbairn [18] that within the core radius of the globular cluster M4, the DM density may reach to ≈ 34, 000 GeV/cm 3 . Within the core of this cluster, the well known millisecond pulsar PSR B1620-26 has been detected [38] . This pulsar has a minimum characteristic age of 2.2 × 10 8 yr [39] . Similar to M4, many neutron stars have been discovered in other globular clusters. For example, the globular cluster 47 Tuc has a core radius of 0.6 pc. In the core of the cluster at least 5 neutron stars have been located. In total, within a few times the core radius of this cluster, 20 neutrons stars have been located all with typical minimum characteristic ages of a few ×10 8 yr [40] . So while ρ χ = 10 3 GeV/cm 3 is likely not common, it appears that there are regions with such high dark matter densities with old neutron stars. Fig. 8 shows log 10 (N χ (t max )) as a function of m χ for ρ χ = 10 3 GeV/cm 3 . In this figure, we have chosen σ χn,55 = 100 and σ χχ,24 = 10 −3 and 1, but N χ (t max ) as a function of m χ is nearly equal to the curve shown in Fig. 8 for a wide range of σ χn,55 and σ χχ, 24 . Whether t G < t th or t G > t th , for t max >> t th , we can approximate eq. (48) or eq. (53) by
When the term proportional to C s is most important, this simplifies to
independent of σ χχ and σ χn . This is modified when t th or t ′ G is close to t max . In Fig. 8 , this is where the curve for N χ (t max ) deviates from the power law N χ (t max ) ∼ m −2 χ . For masses below m χ ≃ 7.4 GeV, the minimal limit for black hole production is 1.5 × 10
38 GeV 2 /m GeV/cm 3 . The dotted line shows the limit above which dark matter may collapse to a black hole within the neutron star.
have t th nearly equal to t max , there is no potential to constrain dark matter masses above approximately m χ ≃ 13 GeV, for small χn interactions and large χχ interactions, even with ρ χ = 10 3 GeV/cm 3 .
V. CONCLUSIONS
Our limiting results for ρ χ = 10 3 GeV/cm 3 using N (r = r th ) are shown in Fig. 9 . The upper region is excluded when σ χχ = 0, because of χn scattering. Thermalization is crucial for the dark matter particles to become self-gravitating, thus the region of parameter space for which the thermalization does not occur cannot be excluded by considering the collapse of the neutron star. The region labeled "no thermalization" shows the region of parameters for which t th > 10 9 yr. The vertical line in Fig. 9 is the upper limit on m χ from the Bullet Cluster limit when σ χχ,24 = 1.
In Fig. 9 , the middle region shows the potential exclusion range of σ χn when σ χχ,24 = 1. We found that that a range of large χχ interaction cross sections give an exponential increase similar to that seen in Figs. 5-7, increasing N χ by several orders of magnitude over the case where σ χχ,24 = 0. For m χ = 10 GeV, even for σ χn,55 = 100, N χ (t max ) is the same for σ χχ,24 = 10 −9 −1, putting N χ (t max ) larger than N BEC b (r = r th ). Since C c ∝ ρ χ σ χn , when ρ χ decreases, the region with a potential for exclusion of bosonic dark matter decreases. If ρ χ is smaller than 10 3 GeV/cm 3 by a factor of ∼ 2, we do not have any new limits on self-interacting asymmetric bosonic dark matter for t max = 10 9 yr, even with the minimal Chandrasekhar limit for bosons.
While we have not explicitly imposed the Hawking radiation limit given in Ref. [20] , we find that N min > N crit BH = 6 × 10 36 (GeV/m χ ) for m χ ∼ < 4 × 10 6 GeV. In 38 (GeV/m χ ) 2 when m χ < 7.4 GeV (the dotted line in Fig. 8 ), the Hawking radiation limit is satisfied. If one instead applied a limit from N Ch b for large masses or N self (r = r th ), the Hawking radiation limit would not be satisfied. In the mid-mass regime, the higher N min is required to ultimately get a BEC, with self-gravitating bosons that become relativistic.
Dark matter self-interactions can make significant contributions to the accumulation of dark matter in a neutron star when the dark matter density is large, ρ ∼ 10 3 GeV. We have evaluated the accumulation including the consequences of a time dependent radius for the dark matter distribution in the neutron star. For this high dark matter density, we have found a new portion of parameter space that is excluded using N (r = r th ), for example, the region where the dark matter-nucleon interaction cross section is between 10 −52 cm 2 to 10 −57 cm 2 and dark matter self-interaction cross section is greater than ∼10 −33 cm 2 for m χ = 10 GeV. As discussed earlier, this region is interesting because thermalization takes a long enough time that self-interactions play a significant role in capturing dark matter particles.
Appreciable dark matter accumulation through selfinteractions requires large dark matter densities. For stars in the core of a globular cluster, the dark matter density could be as high as 10 3 GeV/cm 3 [16] . If the dark matter density is this high and the minimal limits of N (r = r th ) are applicable, the dark matter selfinteraction cross section, σ χχ , is constrained when it is in the range between 10 −33 cm 2 and 10 −24 cm 2 , which is several orders of magnitude more restrictive than the Bullet Cluster limit.
Finally, as we have noted, we have used Eq. (6) and
(r = r th ) to constrain bosonic dark matter in neutron stars. Recent work has considered specific models for dark matter self-interactions that rely on perturbation theory, and a parameter space of repulsive couplings is ruled out by the observation of old very old neutron stars [24] [25] [26] . A more sophisticated Chandrasekhar limit for bosons would include modifications in the case of strongly interacting bosons, or attractive interactions, for specific models [25, 29, 41] . We have focused on the Chandrasekhar limit with relativistic bosons as the starting point for the study of self-interacting dark matter. Only a limited range of dark matter mass is potentially constrained with this approach, even with strongly interacting bosons and only for ρ χ ∼ 10 3 GeV/cm 3 or larger dark matter densities. An additional interesting possibility of detecting asymmetric dark matter in the minimal self-interacting dark matter model with gamma-rays has been proposed in Ref. [27] .
